Abstract. We give a complete description of all special biserial cluster-tilted algebras over a finite dimensional hereditary algebra H over an algebraically closed field K.
Introduction
The class of cluster-tilted algebras was introduced by Buan, Marsh and Reiten in [8] . They showed that for any cluster-tilted algebra Γ arising from a cluster category C, the Auslander-Reiten sequences in mod Γ are inherited from the AuslanderReiten triangles in C.(Auslander-Reiten is hereafter abbreviated as AR.)
Special biserial algebras were first defined in 1983 by Skowroński and Waschbüsch in [14] , where their main result gives a bound on the number of non-isomorphic nonprojective indecomposable summands in the middle term of any AR-sequence in the module category of a representation-finite special biserial algebra. In [16] this bound was shown to hold for all special biserial algebras. They also showed that special biserial algebras of infinite representation type are tame and they found a combinatorial description of the AR-sequences of special biserial algebras.
The idea in this paper is to compare the class of cluster-tilted algebras and the class of special biserial algebras, using the knowledge referred to in the previous paragraphs. Our main result is the following Theorem. Let H be a finite dimensional hereditary algebra over an algebraically closed field K and T be a basic cluster-tilting object in the cluster category C H . Then the cluster-tilted algebra Γ = End CH (T ) op is a special biserial algebra if and only if a) H is of type A, or b) H is of type A, or c) H is of type D, and any indecomposable summand in T is either an α-or a γ-object.
We refer the reader to figure 1 in section 3 for an explanation of α-and γ-objects. The notion of α-objects was introduced in [4] .
Cluster-tilted algebras of type A and A are known to be gentle by [1] , and are hence special biserial. Furthermore, there is a complete classification, up to derived equivalence, of all quivers in the mutation class of E 6 , E 7 and E 8 in [3] , see also [5] . It follows from this classification that any cluster-tilted algebra of cluster-tilted type E 6 , E 7 or E 8 is not special biserial, however our results in section 4 are obtained using a different method.
The paper has 7 sections, including the introduction. Section two contains background and necessary notation. In section three we introduce results about special biserial and cluster-tilted algebras that have been crucial for our work, and lastly, it ends with a very useful lemma. In section four, five and six we consider clustertilted algebras of cluster-tilted type D, E and Euclidean type, respectively. Lastly, section seven contains a short summary.
Background and Notation
For a finite dimensional hereditary algebra H over an algebraically closed field K, the cluster category C of H is defined to be the category C = D b (H)/τ −1 [1] , where τ −1 is the inverse of the AR-translate of D b (H). An object T in C is called a tilting object if Ext 1 C (T, T ) = 0 and T is maximal with respect to this property. A tilting object is called basic if all of its direct summands are non-isomorphic. All tilting objects considered in this paper will be basic tilting objects.
By [6, theorem 3.3] any basic tilting object T in C is induced by a basic tilting module over a hereditary algebra H ′ , where H ′ is derived equivalent to H, and T has n indecomposable direct summands, where n is the number of non-isomorphic simple H-modules. Also any tilting module over H induces a basic tilting object in C. Any almost complete basic tilting objectT in C has exactly two complements, and if M is one complement forT , then there are exchange triangles in C (see [6] ):
where
For any tilting object T in C there is a cluster-tilted algebra Γ = End C (T ) op . If T is a tilting object in the cluster category of a path algebra of type A, D, E, A, D or E, then we say that Γ is a cluster-tilted algebra of cluster-tilted type A, D, E, A, D or E, respectively.
By [7] it is known that if Γ is a cluster-tilted algebra of finite representation type and Γ = KQ/I, then the ideal I is generated by the following minimal relations; for each arrow i a → j which is part of exactly one cycle, the shortest path j → i is a generating zero-relation in I. Further, if i a → j is part of two different cycles in Q, then there are two shortest paths, ρ 1 and ρ 2 , from j → i and ρ 1 + xρ 2 , for some x = 0 in K, is a generating commutativity-relation of I. For an arrow i a → j a path from j → i is called shortest if it contains no proper subpath that is a cycle and if the full subquiver generated by the induced oriented cycle does not contain any more arrows.
The notion of quiver mutation was defined in [12] . Let Q be a quiver with no loops and no cycles of length 2, then mutation on a vertex i in Q will produce a new quiver Q * satisfying the following conditions:
• The vertex i is replaced by a vertex i * and all other vertices are kept, • any arrow incident with i is reversed and all other arrows are kept, • if there are r > 0 arrows j → i and s > 0 arrows i → k, add rs arrows j → k then remove a maximal number of 2-cycles. Two quivers Q and Q ′ are said to be mutation equivalent if Q ′ can be obtained from Q by a finite number of mutations.
AR-sequences and Special Biserial Algebras
In this section we first give the definition of a special biserial algebra. We then state a result regarding the AR-sequences of special biserial algebras [16] . This result together with an equivalence from [8] gives Lemma 4, which will be used in sections 3, 4 and 5.
A finite dimensional algebra A is called special biserial, [16] , if A is isomorphic to KQ/I for some quiver Q and some admissible ideal I such that both a) and b) are satisfied: a) for each vertex x of Q there are at most two arrows starting in x and at most two arrows ending in x b) for any arrow a in Q there is at most one arrow b such that ab / ∈ I and at most one arrow c such that bc / ∈ I Let A be a finite dimensional algebra over K. For any non-projective A-module Z there is an AR-sequence
In [2] they define α(Z) := n to be the number of indecomposable modules in the middle term of the AR-sequence ending in Z and β(Z) to be the number of non-projective indecomposable middle terms in the same sequence. For the algebra A they define α(A) to be the maximal number of indecomposable summands occurring in any AR-sequence in mod A and β(A) to be the maximal number of indecomposable non-projective middle terms occurring in any AR-sequence in mod A. From [16] we have the following result:
We have β(A) ≤ 2 for any special biserial algebra A.
For algebras of finite representation type there is the following stronger result. If C is a triangulated category with AR-triangles, X an indecomposable object in C and χ the AR-triangle where X is the third term, then we define the number α C (X) to be the number of indecomposable objects in the second term of χ. We define α(C) = sup{α(X) | X an indecomposable object in C}.
From [8] we have the equivalence: Note that F sends summands of T to projectives in mod Γ.
By combining Theorem 1 and 3 above we have the lemma:
Lemma 4. Let T be a tilting object in the cluster category C of a hereditary algebra H. If there is an indecomposable object X in C with the properties
op is not special biserial.
Proof. We claim that in mod Γ there is an AR-sequence
where Hom C (T, Y i ) is non-projective for i = 1, 2, 3. By assumption a) we have the following two AR-triangles in C;
. By assumption b) we have for all Z in S that Ext
is not a summand in T . Applying the equivalence F from Theorem 3 it follows that Hom C (T, Y i ) is not projective in mod Γ since Y i is not a summand of T . Furthermore, since τ −1 Z is not a summand of T for any Z in S, it follows that X, Y 1 , Y 2 , Y 3 and τ X are not summands of τ T . Hence β mod Γ (Hom C (T, X)) = 3, so Γ is not special biserial by Theorem 1.
This lemma can be generalized further by considering triangles with more than three middle terms in assumption a) and then by adjusting assumption b) accordingly.
Dynkin type D
We are interested in finding all the cluster-tilted algebras of type D n that are also special biserial.
Throughout this section we assume that C is the cluster category of Dynkin type D n . Let H = KQ, where Q is some orientation of D n . Then the AR-quiver of C is shown in figure 1 , where the dashed lines are identified with each other.
Figure 1
Indecomposable objects appearing in the top two rows of the AR-quiver of C Dn , see figure 1, are called α-objects [4] and we define γ-objects as all indecomposable objects in the bottom row of the AR-quiver of C Dn .
For n ≥ 5 we define an equivalence φ on C as follows, if X is an indecomposable α-object then φX is the unique other α-object occurring as a summand in the middle term of an AR-triangle together with X. For all other indecomposable objects φX = X.
There is an explicit description of the mutation class of D n quivers in [15] , where the mutation class is divided into four types of quivers. In [4] this was combined into three types. We will use the latter description, and we state the details needed to discuss which quivers in the mutation class correspond to special biserial clustertilted algebras.
First we give a description of the mutation class M A k of A k , see [11] ; It is the set of all connected quivers satisfying the following four requirements;
• there are k vertices and each vertex has valency at most four (i.e. it has at most four neighbors), • all non-trivial cycles are oriented and of length 3,(such cycles are called 3-cycles), • if a vertex has valency four, then two of the arrows belongs to one 3-cycle and the other two belong to another 3-cycle and • if a vertex has valency three, then two of the arrows belongs to a 3-cycle and the third arrow does not belong to any 3-cycle.
For a quiver Q in M A k , a vertex is called a connecting vertex if it has valency at most 2, and if it has valency 2 then it is part of a 3-cycle. We denote by M A the union of all M A k for all k. We now describe the three types of quivers occurring in the mutation class of D n . Any cluster-tilted algebra of type D n has a quiver that is one of the three types in figure 2 , where ⋆ i is a connecting vertex of Q i , unless Q i is the empty quiver.
Figure 2
Note that Q i can possibly consist of only one vertex and it can possibly be empty. The valency of ⋆ i in the quiver as a whole might be greater or equal to three.
Quivers of type 3 have a full subquiver which is a directed k-cycle, called the central cycle of the quiver. For each i ∈ {1, · · · , k}, if the quiver Q i (see figure 2) is not empty then there is an oriented 3-cycle v i → v i+1 → ⋆ i → v i which is a full subquiver and where v i+1 → ⋆ i → v i is a non-zero path.
For the case n = 4 it is clear that quivers of type 3 are also of type 1 or 2, and that there are only two different quivers corresponding to special biserial cluster-tilted algebras.
Lemma 5. If n ≥ 5, then any cluster-tilted algebra with corresponding quiver of type 1 or 2 is not special biserial.
Proof. Since n ≥ 5 then at least one of Q 1 , Q 2 has two or more vertices.
For type 1 assume that Q 1 = ∅ and that Q 2 = ∅. Then ⋆ 1 has valency three or four. If it has valency three, then either all arrows go out of ⋆ 1 or there is one arrow going in to ⋆ 1 and this arrow is part of two non-zero paths of length two passing through ⋆ 1 . If the valency of ⋆ 1 is four, then there will be three arrows going out of ⋆ 1 . For Q 1 = ∅ and Q 2 = ∅ the arguments will be symmetric.
If both Q 1 = ∅ and Q 2 = ∅ then at least one of ⋆ 1 and ⋆ 2 will have valency either four or five. If ⋆ 1 has valency four, then there will be three arrows going out of ⋆ 1 or there will be one arrow going in to ⋆ 1 and this arrow is part of two non-zero paths of length two passing through ⋆ 1 . Further, if ⋆ 1 has valency five it is clear that there will be three arrows going out of ⋆ 1 . The arguments for ⋆ 2 will be symmetric.
For type 2 assume that Q 1 = ∅ and Q 2 = ∅. Then ⋆ 1 will have valency at least three and there is an arrow which is part of two non-zero paths of length two passing through ⋆ 1 . Similarly for Q 2 = ∅, Q 1 = ∅ and for Q 1 = ∅ = Q 2 .
Lemma
We want to describe all tilting objects T in C such that Γ = End C (T )
op is special biserial.
It is known by [4, Theorem 4.1] that for any quiver Q, where Q is the quiver of a cluster-tilted algebra End C (T )
op , of type 3 each vertex v i in the central cycle corresponds to an indecomposable α-object in T . Furthermore, if β : v i → v i+1 is an arrow in the central cycle such that v i corresponds to the indecomposable object X, then v i+1 corresponds to τ φX if Q i is empty and to τ 2 X if Q i is not empty. For two tilting objects T and T ′ in C it is known by [10] that End C (T ) op and End C (T ′ ) op are isomorphic if and only if 
Proof. Let T be a cluster-tilting object of type D n satisfying the assumptions in the proposition. Fix the orientation of D n to be
and consider T with the embedding of the module category of KQ ′ in C,
. . .
We wish to exchange the indecomposable summand Y in T . By applying the equivalences τ and φ to Y an appropriate number of times we get τ i φ j Y = M 2 , and can instead consider how to replace M 2 in T ′ , where T ′ = τ i φ j T . By assumption the right add T ′ -approximation of M 2 is the irreducible map gf : P 1 → M 2 and by calculating the composition series of P 1 and M 2 it is easy to check that there is a short exact sequence
giving the exchange triangle
In the rest of this section we will give an explicit description of the cluster-tilting objects T such that End C (T ) 
The direct summands of T corresponding to the central cycle of Q T are α-objects, and the distribution of all summands of T in the AR-quiver is as follows: if Y is a direct summand of T that is an α-object then
• if the arrow going out of Y belonging to the central cycle is part of a 3-cycle then it will go to τ 2 Y and the last summand of the 3-cycle will be γ(τ φY ).
• if the arrow going out of Y belonging to the central cycle is not part of a three cycle then it will go to τ φY
Proof. From Lemma 6 it is clear which quivers correspond to special biserial clustertilted algebras. Let Q T be a cycle, then it is known by [4, Theorem 4.1] that all the indecomposable summands of T are α-objects, and that if Y is one indecomposable summand of T then the other summands of T are given as follows;
If Q T is not a cycle, then let k be the number of quivers Q ⋆ which are not empty. By doing a sequence of k mutations on a cycle we can get the quiver Q T . The mutations should satisfy proposition 7, and in the sequence of mutations a vertex should not be mutated if any of its neighbors in the cycle has been mutated already.
Theorem 9. Let T be a cluster-tilting object in C Dn . Then Γ = End C (T )
op is special biserial if and only if all the indecomposable summands of T are α-and γ-objects.
Proof. For cluster-tilted algebras of type D 4 , it is easy to check that the fact is true. So we assume n ≥ 5. It follows from the previous theorem that if Γ is special biserial then all the indecomposable summands of T are either α-objects or γ-objects.
For the opposite direction we consider three cases, if T consists of either α-objects or γ-objects or a combination of the two. Assume that T consists only of α-objects. It can be checked that for any α-object Y , the α-objects that are compatible with Y are
. If both Y and φY are summands in T then there are no more α-objects that are compatible with both, and so T can not be completed with only α-objects. If T contains Y or φY then in both cases there is exactly one way to complete T by using α-objects, if Y is in
Y and the completed tilting object T ′ containing φY is T ′ = φT . Both T and T ′ has one summand from the middle term of each AR-triangle with three middle terms. Applying the equivalence F in Theorem 3 on Γ = End C (T )
op and Γ ′ = End C (T ′ ) op will thus give that β(Γ) ≤ 2 and β(Γ ′ ) ≤ 2, so Γ and Γ ′ are special biserial by Theorem 2. We now look at the case where all the summands in T are γ-objects. Let X be a γ-object, then the white part of the following diagram shows the Ext-support of X in C. From the diagram it is clear that all γ-objects except τ X and τ −1 X are compatible with X. Thus the maximal number of γ-objects in any tilting object in C Dn is n 2 , and there is no tilting object T in C Dn consisting only of γ-objects.
Finally consider the case when T consists of α-and γ-objects. Fix a k ∈ 1, . . . , n 2 and letT = ⊕ k i=1 X i where for i, j ∈ {1, . . . , k} the object X i is a γ-object such that for all j = i, X j / ∈ τ X i , X i , τ −1 X i . Choose an α-object Y such that γ(Y ) = X i for i ∈ {1, . . . , k}, thenT ⊕ Y is a rigid object, but not a tilting object. We now try to completeT ⊕ Y to a tilting object by considering the objects in S Y . It is clear that alsoT ⊕ Y ⊕ φY is a rigid object but not a tilting object since k + 2 < n, and there are no more α-or γ-objects that are compatible withT ⊕ Y ⊕ φY so it can not be completed to a tilting object consisting only of α-and γ-objects. For the objects in
it is clear that for each X j in T there is a unique i ∈ {1, . . . , n − 1} such that X j = γ(τ −i φ i Y ). Hence there are
that are compatible withT ⊕ Y , so it can be completed to a tilting object T and any rigid object consisting of only γ-objects can be completed to a tilting object with α-objects in a unique way. Furthermore, it is clear that for T a tilting object consisting of both α-and γ-objects then for each α-object Z in C either Z or φZ is in T or one of τ −1 Z and τ −1 φZ is in T , so by applying the equivalence F = Hom C (T, −) from Theorem 3, mod Γ will not have any AR-sequences with three non-projective middle terms.
Dynkin type E
We show that in the module category of any cluster-tilted algebra Γ of type E 6 , E 7 or E 8 , there is at least one AR-sequence with more than two non-projective middle terms, such that Γ is not special biserial by Theorem 2. In [3] there is a complete list of all quivers in the respective mutation classes, up to derived equivalence. It follow from this that any cluster-tilted algebra of cluster-type E 6 , E 7 or E 8 is not special biserial, however we use a different approach in our proofs.
4.1.
Cluster-tilted algebras of type E 6 . The AR-quiver of the cluster category of E 6 is a Möbius band; Proof. First we show that T can not consist entirely of indecomposable summands lying in the outermost τ -orbit of the AR-quiver of C E6 , then there are three τ -orbits/cases left to consider. Let M be an indecomposable summand of T lying in the outermost τ -orbit of the AR-quiver of C E6 . The grey areas in figure 1 show which indecomposable objects are in the Ext-support of M .
(1)
Assume that all the indecomposable summands of T lie in the outermost τ -orbit together with M . It is clear that the two objects in the outermost τ -orbit under the bracket marked a are not compatible with each other, so at most one of these can be in T . The exact same argument applies for the bracket marked a ′ . Note that M and τ −4 M are not compatible, so X and τ −4 X are not compatible, see figure 1. Hence at most two can be chosen from the bracket marked a ′′ such that they are compatible with each other and with M . This gives at most five non-isomorphic indecomposable summands in T , but this is not sufficiently many for T to be a complete tilting object. Now let M be in the τ -orbit indicated in figure 2 . The grey areas show which indecomposable summands are compatible with M . It is clear that all indecomposable summands of a tilting object T containing M , must lie in the grey areas of figure 2.
(2) M From figure 2 it is easily seen that there are at least two AR-triangles with three middle terms such that all the indecomposable objects in the triangles are not grey and such that the end term of the first triangle is the starting term of the second triangle. By Lemma 4 we thus have that Γ = End C (T )
op is not special biserial if T has a summand from this τ -orbit.
Now assume that M is in the second outermost τ -orbit. As above, the grey areas of figure 3 show which vertices correspond to indecomposable objects in C E6 compatible with M . figure 3 it is clear that also for this τ -orbit there are at least two AR-triangles with three middle terms such that all the indecomposables are not in the grey areas, and such that the end term of the first triangle is the starting term of the second triangle. By Lemma 4 we thus have that Γ = End CE 6 (T )
Finally assume that M is in the τ -orbit shown in figure 4.
M For this τ -orbit there are exactly two AR-triangles where all the indecomposable do not lie in the grey areas, and such that the ending term of the first triangle is the starting term of the second triangle. Thus Γ = End C (T ) op is not special biserial if T has a summand from this τ -orbit.
4.2. Cluster-tilted algebras of type E 7 and E 8 . We begin this subsection by stating a proposition from [4] . The next proposition follows from applying Theorem 4.9 [13] and is stated explicitly in [4] .
We get the category M [13](see also [4] ). Let M be a rigid indecomposable object in the cluster category C of H, then there is a bijection between cluster-tilting objects in C containing M and cluster-tilting objects in This means that for any cluster-tilting object T in C having an indecomposable summand M , where M is the shift of an indecomposable projective module He, then removing M from T gives an object which is a cluster-tilting object in a cluster category equivalent to the cluster category C ′ = M ⊥ C = C H/HeH . The AR-quiver of the cluster category of E 7 is a cylinder:
Proposition 13. Let T be a tilting object in the cluster category C of E 7 and let Γ = End C (T )
op , then Γ is not special biserial.
Proof. We show for every τ -orbit that if T has a summand from this orbit, then Γ is not special biserial. First we enumerate the vertices of E 7 ;
Let e 6 be the idempotent corresponding to vertex 6 and let M = P 6 [i], i ∈ {0, . . . , 10}. By proposition 11 we have M ⊥ CE 7 = C E6 , and by Corollary 12 it is clear that for any cluster-tilting object T in C E7 where P 6 [i] is an indecomposable summand then Γ = End CE 7 (T ) op has a factor algebra that is not special biserial. Thus for any tilting object T with M an indecomposable summand, the corresponding cluster-tilted algebra Γ is not special biserial.
Assume that T has a summand M in the τ -orbit of P 5 . In figure 6 the grey areas indicate which objects in C E7 are compatible with M .
(6)
M From figure 6 it is clear that there are at least two AR-triangles with three middle terms such that all the indecomposable objects in the triangles are not grey and such that the end term of the first triangle is the starting term of the second triangle. Thus it follows by Lemma 4 that Γ = End(T ) op is not special biserial if T has a summand from this τ -orbit.
Furthermore, assume that T has an indecomposable summand M in the τ -orbit of either P 4 , (P 3 , P 2 , P 1 or P 7 ), then the grey areas in the figure 7, ( 8, 9, 10 and 11, respectively) shows which objects in C are compatible with the respective summand M . By the same argument as above we see that in all the cases there are at least two AR-triangles with three middle terms such that all the indecomposable objects in the triangles are not grey and such that the end term of the first triangle is the starting term of the second triangle. It follows from Lemma 4 that Γ is not special biserial if T has a summand from any of these τ -orbits.
The AR-quiver of the cluster category of E 8 is a cylinder and has the following shape: Proposition 14. Let T be a tilting object in the cluster category of E 8 and let Γ = End C (T )
Proof. We show for every τ -orbit in the AR-quiver of C that if T has a summand from this orbit, then Γ is not special biserial. First we enumerate the vertices of E 8 ; 
The Euclidean Case
In this section we consider cluster-tilted algebras of Euclidean type. It was shown in [1] that cluster-tilted algebras of type A are gentle, and hence special biserial. In the following proposition we consider the cluster-tilted algebras of type D n , E 6 , E 7 and E 8 .
Proposition 15. Let T be a tilting object in C Dn ,C E6 ,C E7 or C E8 . Then Γ = End(T )
Proof. Let C be a cluster category of type D n , E 6 , E 7 or E 8 . Path algebras of these types are of infinite representation type, and so the transjective component of the AR-quiver of C is of the form ZQ, where Q is any orientation of either D n , E 6 , E 7 or E 8 . By [6] any tilting object in C has at least one indecomposable summand in the transjective component. Furthermore if M is an indecomposable object in the transjective component of C, then by [9, lemma 3.3] there are only finitely many indecomposable objects X in C such that Ext 1 C (X, M ) = 0. By the Serre duality formula there is then only finitely many indecomposable objects Z in C such that Hom C (M, Z) = 0. Thus for any tilting object T having M as a direct summand we can find an indecomposable object Y satisfying the assumptions of Lemma 4. 
Summary
It has been shown in [16, corollary 2.4 ] that any special biserial algebra is either of finite representation type or tame. By [17, corollary 3.3] , if T is a tilting object in the cluster category of a finite dimensional hereditary algebra H and Γ = End CH (T ) op is the cluster-tilted algebra of T , then Γ is of finite representation type if and only if H is of finite representation type and Γ is tame if and only if H is tame. Combining this with Theorem 9 and Propositions 10, 13, 14 and 15 we have the following description of special biserial cluster-tilted algebras: 
